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Abstract. We shall derive Kazhdan-Lusztig type character formula for the 
irreducible modules with arbitrary non-critical highest weights over affine Lie 
algebras from the rational case by using the translation functor, the Enright 
functor and Jantzen's deformation argument. 



1. Introduction 

The aim of this paper is to give a character formula for the irreducible modules 
with arbitrary non-critical highest weights over affine Lie algebras. 

Let us first recall the history of the corresponding problem for finite-dimensional 



semisimple Lie algebras. In [16 Kazhdan-Lusztig proposed a conjecture describing 
the characters of the irreducible modules with integral highest weights over finite- 
dimensional semisimple Lie algebras in terms of Kazhdan-Lusztig polynomials. This 
conjecture was proved by Beilinson-Bernstein Q and Brylinski-Kashiwara inde- 
pendently using D-modules on the flag manifolds. Later its generalization to ratio- 
nal highest weights was obtained by combining an unpublished result of Beilinson- 



Bernstein and a result in Lusztig [19]. Then by a result of Jantzcn |8|] the character 
formula of the irreducible modules with arbitrary highest weights is obtained by 
reducing it to the rational highest weight case. 

As for affine Lie algebras, we know already descriptions of the characters of 
the irreducible modules with rational non-critical highest weights by Kashiwara- 



Tanisaki |14L |15[ (see Kashiwara (-Tanisaki) [12|, Kashiwara- Tanisaki |13|, 
and Casian H], |4j for the integral case). In this paper we shall derive the character 
formula for arbitrary non-critical highest weights over affine Lie algebras from the 
rational non-critical case by using the translation functor, the Enright functor and 
Jamtzen's deformation argument. 

Let us describe our results more precisely. Let q be a finite-dimensional semisim- 
ple or affine Lie algebra over the complex number field C with Cartan subalgebra 
f). Let {cti}i £ i be the set of simple roots, and let W be the Weyl group. For a 
real root a we denote by s a £ W the corresponding reflection. Fix a MK-invariant 
non-degenerate symmetric bilinear form ( , ) on ()*. Set a v = 2a/ (a, a) for a real 
root a. Fix p 6 ()* satisfying (o^,p) = I for any i G J, and define a shifted action 
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of W on f)* by 

w o X — w(\ + p) — p for any A 6 f)*. 

When g is affine, we denote by i5 the positive imaginary root such that any imaginary 
root is an integral multiple of 5. 

For A G f)* we denote by A + (A) the set of positive real roots a satisfying 
(a v , A + p) G Z, and by 11(A) the set of a G A+(A) satisfying s Q (A+(A) \ {a}) = 
A+(A) \ {a}. Then the subgroup W(X) of W generated by {s a ; a G A + (A)} is a 
Coxeter group with the canonical generator system {s a ; a G 11(A)}. We denote 
the Bruhat ordering and the length function of W^(A) by >a and l\ : W(X) — > Z>o 
respectively. For y,w G W(A) we denote by Py^ w (q) G 7L\q\ the corresponding 
Kazhdan-Lusztig polynomial (see Kazhdan-Lusztig |]T^1 ), and by Qy w (q) G 
the inverse Kazhdan-Lusztig polynomial defined by 

E (- l ) exiv) ~ exix) Qly(<l)Py X M = Sx,z for any x,z £ W(A). 

We denote by W (A) the subgroup of H^(A) generated by {s a ; a G A + . (a v , A+p) = 
0}. 

For A G f)* let M(A) (resp. £(A)) be the Verma module (resp. irreducible 
module) with highest weight A. We denote the characters of Af(A) and L(X) by 
ch(M(A)) and ch(L(X)) respectively. The aim of this paper is to give a description 
of ch(L(A)) for any A G t)* (satisfying (5, A + p) ^ when g is affine). 

Set 

£ f [)* when g is finite-dimensional semisimple, 

1 {A G f)* ; (8, A + p) ^ 0} when g is affine, 

C+ = {A G C; (a v ,A + p) > for any a G A+(A)}, 

C~ ={AgC; (a v ,A + p) < for any a G A+(A)}. 

Let A G C. Then Wo (A) is a finite group, and we have (W(\)o\)n{C+ UC") ^ 0. 
(see §|2] below). Moreover, for any w G W(A) there exists a unique x G wWq(X) such 
that its length i\(x) is the largest (resp. smallest) among the elements of wWq(X). 
We call it the longest (resp. shortest) element of wWo(X). 

Our main result is the following. 

Theorem 1.1. Let q be a finite- dimensional semisimple or affine Lie algebra. 

(i) Let A G C + . For any w G W(A) which is the longest element of wWq(X) we 
have 

ch(L(woX))= Yl (-l) MyMAW Ol)ch(M(yoA)). 

W(X)3y> x w 

(ii) Let X G C~. For any w G W(X) which is the shortest element of wWq(X) we 
have 

ch(L{woX))= (-l) <>W - 4(9) P s A ira (l)cli(M(|/oA)). 

W(\)3y< x w 

We would like to thank J. Bernstein and J. C. Jantzen for useful conversation 
and comments. 
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2. Integral root systems 

Since the finite-dimensional case is similar and simpler, we assume in the sequel 
that g is afBnc. Let g be an affine Lie algebra over the complex number field C. 
Let f) be the Cartan subalgebra, and let {ai}i S j C f)* and {hi}i e i C f) be the set of 
simple roots and the set of simple coroots respectively. We assume that {ai}i e j and 
{hi}i<zi are linearly independent and dimf) = |7| + 1. We denote by A (resp. A ro , 
Ai m , A+, A~) the set of roots (resp. real roots, imaginary roots, positive roots, 
negative roots). Set A* = A ro n A ± , Aj^ = A; m n A ± . There exists a unique 
S G A^ satisfying Aj^ = Z >0 5. Let c G J2iei ^>o^i be the central element of g 
such that Zc={/i£ • ( h , u-l) = for any i G /}. Here, ( , ) : f) x fj* -> C 

denotes the canonical paring. We set 

(2.1) Q = ^Za, and Q + = ^Z> a J . 

iei iei 
We fix a Z-lattice P of f)* satisfying 

(2.2) (h h P}cZ, 

(2.3) there exists some A G P such that (hj, A) = % for j G I 
for any i G I. Set 

(2.4) P+ = {A G P ; (fti, A) > for any i G /}, 

(2.5) ^ = Q« Z PC1)*, 

(2.6) K = t%Pcr. 

We further fix a non-degenerate symmetric bilinear form ( , ) : ()q x fjjjj — > Q 
satisfying 

(2.7) (fti, A) = 2(A, ai)/(ai, a,) for any i £ I and A G F)q 
normalized by 

(2.8) (c,\} = (6,\) for any A Gt)^. 
Then we have 

(2.9) (a,a)/2 = 1/3, 1/2, 1, 2 or 3 for any a G A rc . 

Its scalar extension to fj* is also denoted by ( , ) : f)* x f)* — » C. 
For a G A ro we set 

(2.10) a v = 2a/( a , a )Gf)Q, 
and define s a G GL(t)*) by 

(2.11) s a (A) = A- (a v ,A)a for any A G f)*. 

The subgroup W of GL(f)*) generated by {s Q ; a G A re } is called the Weyl group. 
It is a Coxeter group with a canonical generator system {s ai ; i G /}. We denote 
its length function by i : W — > Z> . 

Fix p G P satisfying (a^ , p) = 1 for any i E I, and define a shifted action of W 
on f)* by 

(2.12) w o A = w(X + p) - p for any A Gf)*. 

For a subset T of fj* we denote by Cr (resp. Mr, Qr) the vector subspace of 
t)* over C (resp. R, Q) spanned by T. 
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Set 

(2.13) E = RA Ie = {\et)w; (M)=0>, E cl = 

and let cl : E — > £7 c i denote the projection. The restriction ( , ) : £ x £ -> K of 
( , ) : rjjj x fjjj, — > R is positive semi-definite with radical R<5. Thus it induces a 
positive definite symmetric bilinear form ( , ) : E c \ x E c \ — > K. Set A c i = cl(A ro ). 
Then A c i is a (not necessarily reduced) finite root system in E c \. 

For each 7 g A c i there exists some 7 € A re and r 7 G Z>o satisfying 

(2.14) cP 1 ( 7 ) n A rc = {7 + w 7 (5; n G Z}, 

(2.15) cr 1 (7)nA+ = {7 + w 7< 5; 71 6 Z> }, 

(2.16) cr 1 ( 7 ) n A7 C = { 7 + nr 7 (S; n G Z <0 }. 
Thus we have 

(2.17) A rc = { 7 + nr 7 <5; 7 G A cl ,n € Z}, 

(2.18) A+ = {7 + nr 7 «5 ; 7 € A cl , n € Z> }, 

(2.19) A ra = {7 + nr 7 <5 ; 7 G A ci , n G Z <0 }. 

We have Zr 7 = Z n Z( 7 , 7 )/2. 

We call a subset Ai of A re a subsystem of A ro if s a /3 G Ai for any a, (3 G Ai 



(see Kashiwara-Tanisaki ]15[ | and Moody-Pianzola |20|). For a subsystem Ai of 
A re we set 

(2.20) Af = A ± n Ai, 

(2.21) n 1 ={aeA+; Sa (A+\M)cA+}, 

(2.22) W 1 = (s a ;aeA 1 ), 

(2.23) S 1 = {s Q ;aen 1 }. 

We call the elements of A^~ (resp. Aj~, TIi ) positive roots (resp. negative roots, 
simple roots) for Ai, and W\ the Weyl group for Ai. The group W\ is a Coxeter 
group with a canonical generator system Si, and its length function i\ : W\ — > Z>o 
is given by ^i(w) = |wAf n Aj~|. We have 

(2.24) (a, /3) < for any a, /3 G ITi such that a ^ (3 



(see )15|). 

Lemma 2.1. The following conditions for a subsystem Ai of A Te are all equiv- 
alent to each other. 

(i) |Ai|<oo, 

(ii) |Wi|<oo ; 

(iii) CAi ^ S, 

(iv) QAi jt 6. 

Proof. It is well-known that (i) and (ii) are equivalent, and they are also 
equivalent to the condition that the restriction ( , ) | RAj x MAi of ( , ) : ExE —> R 
is positive definite. Thus the conditions (i) and (ii) are equivalent to KAi ^ 5. This 
condition is equivalent to (iii) and (iv) because Ai U {6} cI)qC fyjj. □ 

Lemma 2.2. Let Ai be a subsystem of A rc and let H\ be the set of simple roots 
for Ai. //QAi 3 6, then we have 8 G ^2 a ^u Q>o«- 



CHARACTERS OF IRREDUCIBLE MODULES 



5 



Proof. Let n 2 be a minimal subset of III such that Qil 2 3 S. Write S = 
Saen 2 c " a witn c « e Q- Lct n 3 = {a £ n 2 ; c Q > 0}, and set 7 = }~] QG n 3 c " a = 
* + E / 3 e n 2 \n 3 (- c /3)/ ? - % (Hi) we have 

< (7, 7) = Yl E c «(- c /3)(«- /3) < 0, 
aen 3 /3 g n 2 \n 3 

and hence 7 G Q<5. If 7 = 0, then we have S — X],3en 2 \n 3 c /3<^ e Q<oHi C 
Sie/'Q<oQ ; i- This is a contradiction. Thus 8 G Q7 C Q1I3. By the minimality of 
n 2 we have il 2 = 1I3, and hence we have 5 G J2aen 2 Q>Q a C E Qeni Q>o«- □ 

Lemma 2.3. Let ITi 6e t/ie set of simple roots for a subsystem Ai of A re . TTien 
we /lave |IIi | < 00. 

Proof. Let ss be the equivalence relation on 111 generated by 

a,f3 £U u (a,f3) ^ =>> a w /3, 

and let {IIi ia ; a G yl} denote the set of equivalence classes with respect to «. 

For a £ A set V a = KLTi ia . Then c^V^) for a G A are all non-zero and mutually 
orthogonal with respect to the natural positive definite symmetric bilinear form on 
E c \. Hence A is a finite set. Thus it is sufficient to show that III „ is a finite set for 
each a 6 A. 

If V a ^ 5, then ( , )\V a x V a is positive definite, and hence A rc R V a is a finite 
subsystem of A rc . Thus n l is a finit e set . 



Assume that V a 3 S. By Lemma 2.2 there exists a finite subset n 2 a of Hi „ 



such that S = ^2 ae n 2 c a a with c a 6 Q>o- Since 

= (£,/?)= ^ c Q (o!,/3) for any /3 e n iiQ \n 2 , a , 



«en 2 



(2.24) implies (a,f3) — for any a £ n 2ja and G IIi, a \ II 2ia . Since IIi i0 is an 
equivalence class with respect to ss, we obtain IIi )t j = n 2a . Therefore, LTi ia is a 
finite set. □ 

For a subset J of I set 



(2.25) A, 7 = An^Zc 



If J is a proper subset of /, then Aj is a finite subsystem with {a; ; i G J} as the 
set of simple roots. 

Lemma 2.4. For any finite subsystem Ai of A there exist w £W and a proper 
subset J of I such that wA\ C Aj. 



PROOF. Set V = RA X . By Lemma 2.1 we have V ^ <S. Since (, )|F X V is 



positive definite, V fl A rc is a finite subsystem of A rc containing Ai. Hence we can 
assume Ai = V (~l A re from the beginning. 

Set V 1 - ={(i£ rjjj; (V,/i) = 0}. Since S V, (6,[i) is not identically zero on 
G V . Similarly (a,/i) (a G A rc \ Ai) is not identically zero on fi G V . Since 
A rc \ Ai is a countable set, there exists some A G V such that (5, A) > and 
(a, A) ^ for any a G A rc \ Ai. Then we have Ai = {a G A re ; (a, A) = 0}. 
Since (<5, A) > 0, there exist only finitely many a G A+ such that (a, A) < by 
( [2.1g| ). Hence there exists some w G W such that (a, wX) > for any a G A+ by 
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Proposition 3.2]. Then we obtain wAi — {a £ A re ; (a,w\) = 0} = Aj with 
J = {i £ I ; (a l: w\) = 0}. Since |Aj| = |Ai| < oo, we have J ^ I. □ 

For A G fj* set 

(2.26) A(A) = {ae A ro ; (a v ,A + p) eZ}, 

(2.27) A (A) = {aG A rc ; (a v ,A + p)=0}. 

They are subsystems of A re . We denote the set of positive roots, the set of negative 
roots, the set of simple roots and the Weyl group for A(A) by A + (A), A - (A), 11(A) 
and W(\) respectively. We denote those for A (A) by Aj}"(A), Aq (A), n (A) and 
W (A). The length function for W{\) is denoted by t\ : W{\) -> Z> . 

Lemma 2.5. For A G f)* such that A(A) ^ 0, t/ie following conditions are 
equivalent. 

(i) |A(A)|<oo. 

(ii) (<5,A + p)^Q. 

PROOF. (i)=>(ii). Assume (5, A + p) G Q and A(A) ^ 0. Take a E A(A). By 
( [2.14| ) there exists some r G Z>o such that a + Zro" C A re . For neZwe have 

((a + wo") v , A + p) = (a v , A + p) + 2nr(6, A + p)/(a, a), 

and hence we have a + nr5 G A(A) for any n£Z satisfying 2nr{8, X + p)/(a, a) G Z. 
Thus |A(A)| = oo. 



(ii)=>(i). Assume |A(A)| = oo. By Lemma 2.1 we have QA(A) 3 5. Then we have 
(S,X + p)E Q(a V ,A + p)cQ. 

qGA(A) 

□ 

Set 

(2.28) C={Aef)*; {8,\ + p)?Q}. 

Lemma 2.6. For any A G C we have |A (A)| < oo. 



PROOF. Since (6, A + p) j= 0, (2.14) implies |cr i ( 7 ) n A (A)| < 1 for any 



7 G A cl . Thus we have |A (A)| < |A cl | < oo. □ 

In the sequel, we use the following proposition on the existence of rational points 
of a subset defined by linear inequalities. Since the proof is elementary, we do not 
give the proof. 

Proposition 2.7. Let Vq be a finite- dimensional ^-vector space and set Vr = 
M ®q Vq and V = C (§)q Vq. Let X be a subset of Vq and {l^jaeA be a family 
of non-empty finite subsets of Vq. Let B x (x G X) and C y . a (a G A, y G Y a ) be 
rational numbers. Set 

fl = {A G V; (x, A) = B x for any x G X}, 

CI = {A G O ; /or any a G A, i/iere exists y <E Y a such that (y, A) ^ Cy !a Z}. 
(i) If A is a finite set and fl' 0, i/ien Q' R Vq ^ 0. 
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(ii) If A is a countable set and 57' =/= 0, then Q' n Vr 5^ 0. Moreover if z G Vq zs 
not contained in the vector subspace QX, then there exists A G il' H Vr suc/i 
t/iat (z, A) > 1. 

Lemma 2.8. For any X <E C we have W (X) = {w G W ; io o A = A}. 

Proof. Set Wi ={meff;icoA = A}. It is sufficient to show that the group 
W\ is generated by the reflections contained in it. Set 

f2 = {/i G C ; w o p = /i for any «; G Wi , w o /1 ^ /x for any i«ef \ Wi}. 



Since Q' contains A, Proposition 2.7 (ii) implies that f2' (~l t)jjj contains a point p; 
such that (<$, /i + p) > 0. Thus replacing A with such a p, we may assume that 
A G C n f)J{ and (<$, A + p) > 0. Then the assertion follows from j^, Proposition 3.2] 
and |}| Proposition 5.8]. □ 

By a standard argument we have the following. 

Lemma 2.9. Set 

(f + = {A G ff ; (a v , A + p) > for any a G A+(A)}, 

f)*~ = {A G t)* ; (a v , A + p) < /or any a G A+(A)}. 

Then for any A G fj*, |(W(A) o A) n f)* ± | < 1. Moreover, |(W(A) oA)nf)*+| = 1 
(resp. \(W(\)o\)nt)*~\ = 1) if and only if there exist only finitely many a G A + (A) 
satisfying (a v , A + p) < (resp. (a v , A + p) > 0). 



Set 
(2.29) 
(2.30) 



{AgC; (a v ,A + p) > for any a G A + (A)}, 
{AgC; (a v ,A + p) < for any a G A + (A)}. 



Lemma 2.10. Assume A G C satisfies A(A) ^ 0. 

(i) If{5,X + p) i Q, then we have | (W(A) o A) n C+ \ = \(W(X) o A) n C"| = 1. 

(ii) If(S,X+p) G Q> , then we have |(V7(A)oA)nC+| = 1 and |(W(A) o A) nC" | = 
0. 

(hi) If(S,X+p) G Q< , then we have |(W(A)oA)nC+| = and |(W(A)oA)nC _ | = 
1. 



Proof, (i) If (5, X + p) 
we have \{W{X) o A) n C+| 

(ii) Assume (5, A + p) G ( 

Ai 

A 2 

A 3 



{ Q, then we have |A + (A)| < 00 by Lemma 2.5. Hence 
= |(VK(A) oA)nC~| = 1 by Lemma [O. 

bo- Set 

= {ae A+(A); (a v ,A + p) > 0}, 
= {«G A+(A); (« v ,A + p) <0}, 
= {aG A+(A); (a v ,A + p) < 0}. 



For each 7 G A c i there exist only finitely many a G cl _1 (7) n A+ satisfying (a v , A + 
p) G Z<o by (2.15). Since |A c i| < 00, we obtain IA3I < 00. Thus we have IA2I < 
IA3I < 00. On the other hand we have |A + (A)| = 00 by Lemma 2.5, and hence 



|Ai| = |A + (A) \ A3 1 = 00. Thus we obtain the desired result by Lemma 2.9 
The assertion (hi) follows from (ii) by replacing A with —A — 2p. 



□ 
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Corollary 2.11. For any XeC we have (W(X) o A) n (C+ UC") ^ 0. 

Lemma 2.12. Let A e C. 

(i) J/ QA(A) 9 5, then there exists some p G C n F)q swc/i f/iai (5, p + p) = 
((5, A + p), A(/i) = A(A) and (a v ,p + p) = (a v , A + p) for any a G A(A). 

(ii) 7/QA(A) ^ (5, £/ien there exists some p G C n f)Jj smc/i i/iai (J, p + p) > 0, 
A(p) = A(A) and (a v , p + p) = (a v , A + p) /or any a G A(A). 

Proof. Set 

ft = {p G h* ; (a v ,p + p) = (a v , A + p) for any a G A(A)}, 
ft' = {pGft; (a v ,p + p) <£Z for any a G A rc \ A(A)}. 

Then ft' contains A. 

(i) By the definition of ft we have 

(2.31) ( 7 ,p + p) = ( 7 ,A + p) for any 7 G QA(A) and p G ft. 
In particular, we have 

(2.32) (5, p + p) = (6, A + p) G Q for any p G ft 

by QA(A) 3 5. Thus ft C C Hence it is sufficient to show ft' H % 0- 
Set 

A cU = {7 G A cl ; cP 1 ( 7 ) n A(A) = 0}. A d , 2 = A cl \ A cljl . 



Let p G ft. (|2.14| ) and the assumption QA(A) 3 5 imply cr 1 (A cl:2 )n A re G QA(A). 
Hence (a v , p + p) = (a v , A + p) £ Z for any a G cr 1 (A ca , 2 ) n (A rc \ A(A)). Thus 
we have p G ft' if and only if (a v ,p + p) ^ Z for any a G A ro n cP 1 (A c i,i). By 



(2.14) and (2.32), this condition is equivalent to 



(7 V , M + P) i Z + ^r^Z for any 7 e A cU . 
(7,7) 

Thus we obtain 

ft' = {p G ft ; (7 V , p + p) ^ <? 7 Z for any 7 G A^i}, 
where {g 7 ; 7 G A c i 1} is a set of positive rational numbers. Then ft' contains A, 



and Proposition 2.7 (i) implies that ft' (~l t)?j ^ 



(ii) This follows immediately from Proposition 2/7 (ii). □ 



Lemma 2.13. For any A G C + U C , there exist w G W and a proper subset J 
of I such that wA + (X) C A + and wA (X) = Aj. 

Proof. By replacing A with — 2p — A if necessary, we may assume A G C + 
from the beginning. Let us first show that there exists some p G C D f)Jj such that 
(<5,p + p) > 0, A(p) = A(A) and (a v ,p + p) = (a v ,A + p) for any a G A(A). If 
QA(A) 3 8, then we have (5, X + p) > by Lemma |2.2|, and Lemma 2.12| (i) implies 



the existence of such a p. If QA(A) ^ S, then Lemma 2.12 (ii) implies the existence 
of such a p. 



By ( |2.18 ) there exist only finitely many a G A+ such that (a v ,p + p) < 0. 



Thus there exists some w € W such that (a v , w o p + p) > for any a G A+ by 
(|, Proposition 3.2]. We may assume that £(w) = min^ir) ; x G wWo(p,)}. Then 
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we have w(A£(p)) C A+ by Jl5|, Proposition 2.2.11]. For a G A + (^i) \ A (p) = 
A+(A) \ A (A) we have 

(wa v , w o p + pj = (a v , p + p) = (a v , A + p) > 0, 

and hence wa G A + . Thus we obtain wA + (A) C A + . Moreover, we have 

wA (A) = uiA (/i) = A (i»o p) = A j 

with J = {i G /; (a^,w o p + p) = 0}. Then J is a proper subset of / by 
|A (A)|<oo. " □ 

3. Translation functor 

In this section we shall give some properties of the translation functor (see also 
Deodhar-Gabber-Kac Q, and Kumar [IS]). 

For a Lie algebra o over C we denote its enveloping algebra by U(a) and the 
category of a-modules by M(a). 

For an f)-module M and p G f)* we set 

(3.1) M M = {m G M ; lira = (h, p)m for any h G f)}. 

An element p of h,* is called a weight of M if ^ 0. For an f)-module M satisfying 

(3.2) M = with dim A/^ < oo for any pet)*, 

we define its character ch(Af ) by the formal sum 

(3.3) ch(Af) = dimA/^e^. 

MSI)* 

We denote by O the full subcategory of M(g) consisting of M G Ob(M(g)) satisfying 
(U) and 

,„ .> for any £ G f)* there exist only finitely many Q + such that 

! .w„ , 0. 

For a G A let g Q denote the root space corresponding to a, and set 

(3.5) n+ = Q a , = g Q and b = f) © n + . 

For A G f)* define a g-module Af(A), called the Verma module with highest 
weight A, by 

(3.6) M(A) = Ufa) ® uw C A 

where Ca = CI a is the one-dimensional b-module given by hl\ = X(h)l\ for h 6 fj 
and h + 1a = 0. We denote its unique irreducible quotient by L(\). 
We have 

e A 

(3.7) ch(Af (A)) = = — r~p • 

n aeA+ (l-e-«)d-s a 

Moreover, A/(A) and i(A) are objects of O for any A G f)*. For A/ G Ob(O) and 
A G t)* we denote by [M : L(A)] the multiplicity of L(A) in M (see [|, §9.6]). 

The following result due to Kac-Kazhdan [ [Tc| is fundamental in the study of 
highest weight modules. 

Proposition 3.1. Let X,p G h,*. TTien the following conditions are equivalent. 
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(i) The multiplicity [M(X) : L(p)] is non-zero. 

(ii) There exists an injective homomorphism M{p) — > M(A). 

(iii) There exist a sequence of positive roots {/3fc}l =1 , a sequence of positive in- 
tegers {rik}f.—i and a sequence of weights {Afc}^_ such that Ao = A, A; = p 
and \ k = A fc _i - n k (3 k , 2(j3 k , A fc _i + p) = n k ((3 kl [3 k ) for k = 1, . . . ,1. 

For a subset I? of f)* we denote by Q{X>} the full subcategory of O consisting 
of M g Ob(O) satisfying [M : L{p)} = for any p g f)* \ V. For A g C (see (|||) 
for the notation) we set 0[A] = <®{W{\) o A}. We have obviously L(X) G Ob(0[A]) 
for any A G C. 

By Proposition 3.1 we have the following. 

PROPOSITION 3.2. For any A G C we have M(A) G Ob(0[A]). 
Define an equivalence relation ~ on C by 
(3.8) A ~ fx ^>/ie W(A) o A. 



By Kumar [17] we have the following. 

Proposition 3.3. Any M g Ob(0{C}) is uniquely decomposed as 

M= M[A], M[A] g 0b(O[A]). 

Aec/~ 

For A g C let 

(3.9) P A : 0{C} -> 0[A] 
be the projection functor given by P\(M) — M[X\. 

Lemma 3.4. Let X,p g C, v g fj*, x g W satisfy p,— A = ar^. T/ien we /lave 
M <g> G Ob(0{C}) for any M g Ob(0[A]). 

Proof. It is easily seen that M ®L(v) g Ob(O). Hence it is sufficient to show 
that if L(£) appears as a subquotient of M (g) L(i^), then we have (<5, £ + p) ^ 0. 

We may assume that M = L(w o A) for w g FT(A). The central element c of g 
acts on L(n) via the multiplication of the scalar (c, rj) = (5, r/) for any 77 g f)*. For 
w g IL^A) we have (<5, w o A) = (<5, A) by the Vl^-invariance of 5, and hence c acts 
on L(uj o A) via the multiplication of (5, A). Therefore we have cu — (5, A + i/)it for 
any u g M ® L(^). If L(£) appears as a subquotient of M <g) L(^), then we have 
(5, £) = (5, A + v), and hence 

(<*, £ + P) = {8, A + v + p) = (5, \ + xv + p) = (5, p + p) ^ 0. 

□ 

For X,p g C satisfying 

(3.10) /i - A g M/P+ , 
we define a functor 

(3.11) T£ : 0[A] -> D[p] 

by T*(M) = P^(M®L{v)), where ?/ is a unique element of P + such that p— A g VF^. 
It is obviously an exact functor. 



The proofs of Lemma 3.5, Proposition 3.6 and Proposition 3.8 below are similar 
to those for finite-dimensional semisimplc Lie algebras given in Jantzen We 
reproduce it here for the sake of completeness. 
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Lemma 3.5. Assume that we have either X, p G C + or A, p G C~ and that 
/i — A G Wv for v G P + . Denote by T the set of weights of T{v). Then for any 
w G W{\) satisfying mop-AeT we have w G Wq{X)Wq(p) . 

PROOF. By the assumption we have A(A) = A(p) and H^A) = W(p). Assume 
that there exists some w G W(X) \ Wo(X)Wo(p) satisfying uio/i-Aer. We may 
assume that its length £\(w) is the smallest among such elements. Set £ = wop—X g 

r. 



Since w is the shortest element of wWo(p), 15, Proposition 2.2.11] implies 

(3.12) wA+(/j) C A+(A). 
Since w is the shortest element of Wo(X)w, 

(3.13) w- x A+(A) c A+(A). 

By w ^ 1 there exists some a G A + (A) satisfying £\(s a w) < £\(w). Then we 
have w~ 1 a G A~(A). Hence we have a G A+(A) \ A+(A) by (p^ ). If u; 1 a G 



A (/x), then wc have -w~ l a G A^(/i) n w~ 1 A~(X). This contradicts ( ^.12| ). Thus 
we obtain G A~{p) \ A^~(/x). Set 

m = (a v , A + /?), n = — (w _1 a v , /i + p) = — (a v , u>(/i + /?)). 

By a G A + (A)\Aq (A) and w^a G A~ (/x) \ AJ (/i) we have m,n G Z >0 if A, p G C+ 
and m, n G Z<o if A,// € C~. Now we have 

s a w o p~ X — s a w(p + p) - w(p + p) + £ = £ + na, 

s a t; = £ - (« v ,0a = C - ((a v , ™(/" + P)) - (« v , A + p))^ = £ + (to + n)a. 

Since £ and s a £ = £ + (to + n)a are elements of L, we have s a w o /i — A = £ + na G L. 
By ^a(sqw) < ^a(w) we obtain s a w G W / o(A)W / o(m) by the minimality of £\(w). 
Hence we have s a w o p — X G H / o(A)(^i — A) C WV. It follows that £ + na is an 
extremal weight of L{v). This contradicts £, £ + (m + ra)a G L, and m, n G Z>o or 
to, n G Z<o- □ 

Proposition 3.6. Lei X,peC such that p - X e WP + and A (A) c A (p). 
Assume that we have either A, p G C + or X, p a C~ . Then we have T^(M(woX)) = 
M(w o p) for any w G W(X). 

PROOF. Take x G W and v E P + such that p - X = xv. Let L be the set of 
weights of L{v). Since 

(3.14) 

M(w o A) <g> L{v) = U(g) ® uw (C woX ® L{v)) = U{xC) ® c (C iuo a ® , 
we have 

ch(M (w o A) <g> = dim ch(M (iooA| £)). 

€er 

This implies 

ch(T*(M(w o A))) = ^dimL(i/) € ch(P M (M(w;o A + £))) 

^ dimL(i/) e ch((M(^oA + 0))- 

5er, «;oA+^eiv(Ai)o A i 
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Assume that woX + £ = yofi for £ G T and y G W(\). Then we have w 1 yo/i — A = 
w^ 1 ^ G r, and hence w~ 1 y G Wo(X)Wo[fJ.) = Wq(h) by Lemma 3.5. Thus we have 



£ = w(p — A) = wxv and aioA|( = i»o(A| xv) = w o fi. 
Hence we obtain ch(T^(M(wo A))) = ch(M (w o /j)) . In particular, there exists some 



v £ (M(w o A) L(u)) wafi \ {0} such that n+v = 0. By (3.14), M(w o A) <g> L(i/) 



is a free C/(n )-module. Thus the morphism C7(n ) — > M(w o A) ® i^) given by 
u uu is injective. It follows that T A (M(u;o A)) contains M(wo/j) as a submodulc. 
Hence we have T*(M(w o A)) = o //). □ 

Corollary 3.7. Let A,/ieC suc/i iftat /u - A G WP + and A (A) c A (//). 
Assume i/iai we /iave either A, /x £ C + or X, (i <E C~ . For M G Ob(0[A]) Zei ms wrife 

(3.15) chAf = ^ a w ch(M(u;o A)) 

wew(x) 

with integers a w . Then we have 

chT^(M) = ^ a ™ ch(M(w o M )) . 

Proof. If A £ C~, then M has finite length. Therefore we can reduce the 
assertion to the case where M — M(y o A) with y £ W(A). Then the assertion 
follows from the preceding proposition. 

Assume now A G C + . It is enough to show 

(3.16) dim(T*(M)) e = a w dim(M(w o 

for any £ G f)*. Let Wt(M) be the set of weights of M. We set t)* N = {A - 
2 ig j ri^cti; n i — N}. Since icoA = A implies w o zx = /i by Lemma 2.8, we may 
assume u> ranges over W(X)/W (X) in (3.15). If Wt(M) C f)^ for a sufficiently 



large jV, then o„, ^ implies that Z>(w) is sufficiently large. Hence the both sides 



of (3.16) vanish. Fixing such an N we shall argue by the descending induction on 
m such that Wt(M) \f)5,C l)* n . Let w o A (w G W(A)) be a highest weight of M. 
Then there is an exact sequence 

-> Mi -> M(io o A)® m — ► M — » M 2 — > , 

where Wt(Affc) docs not contain woA (k = 1,2). Hence by the induction hypothesis, 



(3.16) holds for M\. Arguing by the induction on the cardinality of Wt(M) \ \)* N , 
(3.16) holds for Mi- Since T^(M(i/;oA)) = M(wo[i) by the preceding proposition, 



(3.16) holds for M(woy), Then (3.16) holds for M because is an exact functor. 

□ 



Proposition 3.8. Let A,^eC such that /i-Ae WP + and A (A) c A (/i). 
Let u; G W(A). 

(i) If A, /i G C + , f/ien we /iave 

T A a(woA)) = / L{w0fi) tf™(Aj(//)\A+(A))cA-(A), 
p [0 otherwise. 
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(ii) If A, p G C , then we have 

T\L(wo\)) = { L ( w °^ '/*\A+(A))cA+()), 
M [0 otherwise. 

PROOF. Since is an exact functor, T*(L(w o A)) is a quotient of T^(M(w o 
A)) = M(w o p). By restricting the non-degenerate contravariant form on L(w o 
A) <£) h(y) we obtain a non-degenerate contravariant form on T£(L(w o A)). Thus 
we have either T^(L(w o A)) = L(w o /i) or T^(L(w o A)) = 0. 

Assume w(Aq (/i) \ Aq (A)) (£ A~(A) in the case £ C + and w(A^ (pi) \ 
A^(A)) A + (A) in the case A,/i G C~. Then there exists a £ A(A) such that 
wa G A+(A), (a v , X + p) > 0, and (a v ,/i + /9) = 0. Set (3 — wet G A+(A). Then we 



have (/3 V , iu o A + p) > and (/3 V , w o p + p) = 0. By Proposition 3.1 we have exact 
sequences 

-> M (s^to o A) -> M (w; o A) -> L -> 0, 
L -> L(iu o A) -v 0. 

By applying the exact functor T*, we obtain exact sequences 

-> M (s/jw o /i) ^ M(wop) -*T*(L) -»0, 

- o A)) - 0. 

Since M(spw o jx) — » M(u> o /i) is an isomorphism, we have T*(L(w o A)) = 0. 

Next assume id(AJ(ju) \ AJ (A)) c A - (A) in the case A, /i G C + and w(Aq (//) \ 
A[j~(A)) C A+(A) in the case A,/jgC". Then we have 

,„ wa G A - (A) for any a G A(A) satisfying (a v , A + p) > and 

(d - 17j (a\p + p) = 0. 

Let M be the maximal proper submodule of M(woX). By applying to the exact 
sequence 

— s- M — > M (u> o A) -► L(uj o A) -> , 
we obtain an exact sequence 

-» T^(M) -> M(u o M ) - T^(L(w o A)) -> 0. 

Thus it is sufficient to show [T*(M) : L(u> o ^)] = 0. Hence we have only to prove 
[T^(L(z o A)) : L(w o /i)] = for any z G W(A) satisfying [M : L(z o A)] ^ 0. 



By Proposition there exists some /3 G A+(A) such that (/3 V ,w(X + p)) > 
and [M(s w o A) : L(z o A)] ^ 0. For such a (3, T*(L(z o A)) is a subquotient of 
T*(M(spiv o A)) = M(s@w o fi). Therefore it is sufficient to show [M(s/3«; o p) : 
L(wop)} = Ofor any /? G A+(A) such that (f3 v ,w(X + p)) > 0. Set a = u;" 1 /?. Then 
we have a G A(A), G A+(A) and (a v , A + p) > 0. Since a G A ± (A) according 
to A, p G we have (a v ,p + p) > 0. Hence ( $.17 ) implies (f3 v ,w(p + p)) 



(a v ,/x + p) > 0. Thus we obtain [M(spw o /i) : L(iu o //)] =0. □ 

Proposition 3.9. LetX 1 ,X 2 eC such that X\ - A 2 gP and A (Ai) = A (A 2 ). 
Assume that we have either Ai, A 2 G C + or Ai, A 2 G C~ . Let w G W^(Ai), and write 

ch(i(woAi))= a y ch(Af(y o Ai)) 
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with a y £ Z. Then we have 

ch(L{wo\ 2 ))= a y ch(M(yo A 2 )). 

j/eW(Ai)/Wo(Ai) 

Proof. Note that A(Ai) = A(A 2 ), W(Ai) = W(A 2 ) and W (Ai) = W (X 2 ). 

Case 1. Ai, A 2 £ C + . 

By Lemma 2.13 there exist x € W and a proper subset J of / such that 
x~ 1 A + (\k) C A+ and a; -1 A (Xk) = A,/ for fc = 1 (and hence also for k = 2). Take 
£ P+ such that (a^Ci) = for i £ J and £ Z >0 for i £ I \ J. Set 

£2 = £1 + x~ l (Xi - A 2 ), /i = Ai + .t£i = A 2 + x£ 2 - Then we have 

(a^,6) = (a l v ,^~ 1 (Ai - A 2 )) = (ara^Ai + p) - {xa( , A 2 + p) = for i £ J, 
(aV,6) = ( a V ;Ci) + ( a V )a ,-i (Ai _ Aa)) for i g A J; 

(5, /i + p) = (S, Ai + p) + Y m i(ai,&)> 

where 5 = X^e/ m i a i- By taking (a/,£i) for i € I\J sufficiently large, we may 
assume that £ 2 £ P + and ((5, + p) ^ 0. Moreover, we have 

(a v , + p) = (a v , Ai + p) + {x' 1 a v , £1 ) > 

for any a £ A + (/x) = A + (Ai), and hence we have p £ C + and Ao(p) = Ao(Ai) = 
A (A 2 ). 

Thus Proposition [T^ implies T^ k (L(w o Afe)) = L(iu o /i) for any «; £ W(Xk) 
and fc = 1,2. The assertion then follows from Corollary |0| . 

Case 2. A x , A 2 £ C~. 

The proof is similar to the one for the case 1. Take x £ W and a proper 
subset J of I such that x" 1 A+(A fe ) C A+ and x^ 1 A Q (X k ) = Aj for fc = 1, 2. Take 
£1 £ P+ such that (oV,£l) = for i £ J and (a/,£i) £ Z >0 for i £ / \ J. Set 
£2=6- a: -1 (Ai - A 2 ), /i = Ai - x£i = A 2 - x&- By taking (a/,£i) for i £ / \ J 
sufficiently large, we have p £ C~, £ 2 £ P + and Ao(/i) = Ao(Afc) for k = 1, 2. Thus 
Proposition 3.8 implies TjJ 1 o /x)) = i(w o A&) for any w £ PF(Afc) and fc = 1,2. 
Hence we obtain the desired result by Corollary [Oj. □ 

PROPOSITION 3.10. Assume that X, p £ C+ (resp. A,^ £ C~) satisfy 

(3.18) m-A£P, A o (A)=0. 

Assume that w £ W(A) is £/ie longest (resp. shortest) element of wWo(p). Write 

(3.19) ch(L(woA))= ^ a y ch(M(yoX)) with a y £ Z. 

TTien we /icrae 

(3.20) ch(L(u) o p)) = ^ a v ch(M(y o p)). 

y£W(\) 

Proof. Let us prove first the case where A, p £ C + . We first prove the following 
statement. 

Let v £ C + . For any N £ Z>o there exists some v £ C + such that 

(3.21) v-veP, A (i>) = A (i>), {a J ,v + p)>N for any a £ A+(i/) \ A (v), 
and (5, P + p) — (S,v + p) £ Z> ^ . 
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By Lemma 2.13| there exist x £ W and a proper subset J of I such that xA + (v) C 



A+ and xAo(i') = A j. Take £ E P + such that (a, v , = for i E J and (aV, > 
for i E I\J. Set z> = i/ + a; -1 ^. Then we have (a v , v + p) = (a v , v + p) + (ira v , £) 
for any a E A (A) and (<5, v + p) — (5,v + p) + (S, £). Hence by taking («/,£) > 



for i £ I\J sufficiently large, we obtain (3.21). 

Assume that p E C + . Let TV E Z>o- By (3.21) there exists p E C + such that 



p- p e P, A a (p) = A (p), (a v ,p + p) > N for any a E A+(/i) \ A Q (/x), and 
(S,p + p) — (<5, p + p) E 1>n- By Lemma 2.13 there exist x £ W and a proper 
subset J of / such that xA + (/i) = xA + (p) C A + and xA a (p) = xA a (p) — Aj, 
Let wj be the longest element of Wj. Take ^ E P + such that (pij,v) > for any 



j E J, and set A = p — x wjv. 
(3.22) 

Since (<5, A + p) = (5, p + p) 
(3.23) 



Then we have 
p, - A £ 



(5, ^) , we have 



when N is sufficiently large. For any a E A + (/i) we have (a v , A + p) 
p) — (wjxa y If a E A^{p) = Aq(p), then we have (a v ,/i + p) = and 
wjxa E — Aj, and hence (a v ,A + p) E Z >0 . If a E A + (/i) \ Aq (p), then we 
have (a v , A + p) E Z>o when is sufficiently large. Since H(fi) = n(/i) is a finite 
set, we have (a v ,A + p) > for any a E n(/i) for a sufficiently large N. By 
C £ a£n(ji ) Z> a we have 



(3.24) 



(a v , A + p) E Z >0 for any a E A+ (p) = A+ (A) 



when N is sufficiently large. 



Take N sa tisfying ( p.23| ), ( p.24| ). Then we have A E C + and A satisfies the 
condition ( 3.18 ) for A. By Proposition ^9 the integers a y in ( 3.1 9| ) do not depend 
on the choice of A. Hence ( 3. 19| ) holds for A. Since w is the longest element of 
wWo(p) = wWo(p) we have uAq (p) C A - , and Proposition 3^ implies T~(L(w o 
A)) = L(w o p). Then Corollary 3.7 implies 



c\v{L{w o p)) 



y£W(X) 



a y ch(M(y o p)). 



The desired result follows then from Proposition 3.G 



As the assertion in the case p E C~ is proved similarly, we shall only give a 
sketch. By Proposition |3.9| and an analogue of (3.21) we may assume that (a v , p+p) 
for a E A + (p) \ Aq (p) and (8, p+p) are sufficiently small. Take x E W and a proper 
subset J of / satisfying xA + {p) C A + and xAq(p) — Aj. Take v E P + such that 



> for any j E J, and set A = p 



Then we have A E C and A 



satisfies the condition ( 3.1 8| ) for A. Hence we can take A as A by Proposition 3.9 



Then we have T A (L(w o A)) = L(w o p) by Proposition 3 



desired result by Corollary 3.7 



Hence we obtain the 
□ 



4. Enright functor 

We recall certain properties of the Enright functor which will be used later (see 
Enright @, Deodhar g, Kashiwara-Tanisaki |]| §2.4]). 
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For i e I define a subalgebra fl; of by fl, = t) © g ai © fl- Qi ■ Take ei G g Qt , /, 6 
Q- ai such that [e,, /j] = hi. For a G C we denote by M(flj, a) the full subcategory 
of M(gi) consisting of M G Ob(M(flj)) satisfying 

(4.1) M = M„, 

(4.2) dim M M = unless (hi, fi) = a modZ, 

(4.3) dimC[ej]m < oo for any m G M. 

For (i G [)* let Mj(/j) be the Verma module for g, with highest weight /x. We fix a 
highest weight vector of M, (it) . 

Lemma 4.1. Assume a £ Z. For M G Ob(M(g;,a)) set AT = e f,. ® 
Mi(p), where 

M*< ={me ; e*™ = 0}. 
Define a linear map ip : N ^ M by 

<p(m <8> /i fe m M ) = /f m /or m G M® 4 and fc G Z> . 

T/ien ip is an isomorphism of Qi -modules. 

Proof. By the definition of the Verma module ip is obviously a homomorphism 
of gi-modules. 

Let us show that ip is surjective. It is sufficient to show that C lm(ip) 
for any £ G t)*. Let m G Mj satisfying e"m = 0. We show by induction on n 
that m G X^fcLo fi^i+kai- The case n = is trivial. Assume n > 0. Since 
e™~ (eira) = 0, we have e^m G X]fc°=o fi^t+(k+i)a- ^ y the hypothesis of induction. 
By o £ Z the linear map /f +1 M|^ (fe+1)a . -> // £ ^|+ (fc+ i )Qt (« ^ e,n) is bijective. 

Hence there exists some u G X^felo ^ fe+1 -^|+(fe+i)a suc h that au = eim. Then we 
have 



DC 



m = (m -u)lu£ M| 4 + £ /* +1 M|; (fe+1K = £ /*M|; feo 



fc=0 fc=0 



Next let us show that <p is injective. Assume Kei(ip) ^ 0. By a ^ Z the Verma 
module Mj(/i) is irreducible unless M^ 4 = 0. Thus there exist subspaces N(fi) of 
for /j G f)* such that Ker(y) = ©„ eh » N(^) <&M l (p). Hence there exists s 



some 



m G M^ 4 \{0} such that m£g>Mj(/z) C Kev(tp). Then we have m = Lp(m®m^) = 0. 
This is a contradiction. Thus we have Ker(y>) = 0. □ 

We denote by F : M(g) -> M(fli) the forgetful functor. For a G C let M;(g, a) 
be the full subcategory of M(g) consisting of M £ Ob(M(g)) satisfying F(M) G 
Ob(M( flj ,a)). 

For a e C define a left [/(g)-module U(g)f? +z by 

(4.4) [/( )/f+ z = hm;7(0)./-r", 



where U(g)f^ ™ is a rank one free J7(g)-module generated by the element /" " and 
the homomorphism E7(fl)/? _n -► t/Cfl)/^""" 1 is given by /i/f""" 1 . Then 
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we have a natural [/(g)-bimodule structure on £7(g)/f +Z whose right [/(g)-module 
structure is given by 



fr n P = j2 r: (ad(/o fc p)/r»- fc 

( 4 -°) fc=0 ^ ' 

for any m £ Z and any P 6 E/(g). 

Note that the r/(g)-bimodule C/(fl)/f +Z depends only on (a mod Z) e C/Z. 
For M G Ob(Mi(fl,a)) we set 

(4.6) Si{a){M) = {m 6 C/( )/f +z 8^ M ; dimC[ ei ]m < oo}. 
It defines a left exact functor 

(4.7) S i (o):M i (fl,o)-»M i (fl,-o), 

called the Enright functor corresponding to i. 
By the morphism of U (g)-bimodules 

(4.8) u( Q ) - ^( fl )/r o+z ® U(B) (7( )/f + z a^/r a ®/D 



we obtain a canonical morphism of functors (see [15, §2.4]) 
(4.9) 



idM^B.o) -> Si(-a) o Sj (a). 



By [15, §2.4] we have the following result. 

Proposition 4.2. Let A e h*, and set a = (hi,X). 

(i) If a £ Z >0 , fften we Aave Sj(a)(Af(A)) ~ Af(s^ o A). 

(ii) If a ^ Z, i/ien £/ie canonical morphism M(X) — > Sj(— a) o S;(a)(A/(A)) m- 
duced by (4.9) is an isomorphism. 

We can similarly define a ?7(gi)-bimodule U {Qi) f1 +z , and the Enright functor 
S(a) : M(flj, a) -> M(gj, -a) for g 4 is given by 

S(a)(M) = {me C/(fli)/? +Z ®tr tol ) Af ; dimC[e 4 ]m < oo} 

for any Af € Ob(M( 0l ,a)). Then wc have Fo S l (a) = S{a) o F by U{^ff +z ® u{St) 
U( & ) ~ t/(g)/f +z . 

Proposition 4.3. Assume that a g Z. 

(i) TTie functor Si (a) : Mj(g, a) — > M.;(g, —a) gives an equivalence of categories, 
and its inverse is given by Si (—a). 

(ii) For A G E)* swc/i i/iai (ftj, A) = a modZ, we have 

Si(a)(M(X)) ~ Af (s 4 o A), S 4 (a)(L(A)) ~ L( Sl o A). 

PROOF, (i) We have to show that the canonical morphisms idM^g.a) — * S;(— a)o 
Sj(a) and id^^-a) ~~ y Si(a) o S$(— a) are isomorphisms. By the symmetry we have 
only to show that id^^a) ~~ * Sj(— a)oSj(a) is an isomorphism. Let us show that the 
canonical morphism Af — > Sj(— a) oSi(a)(M) is bijective for any Af S Ob(Mj(g, a)). 
By F o Sj(-a) o Si(o)(Af) = S(-a) o S(a) o F(Af) it is sufficient to show that the 
canonical morphism N — » S(—a) o S(a)(N) is bijective for any TV £ Ob(M(gi,a)). 



This follows from Proposition 4.2 for g^ and Lemma 4.1 

(ii) We have S t (a)(M(X)) ~ Af(s 4 o A) by Proposition fL|. By (i) Sj(a)(F(A)) 
is the unique irreducible quotient of Sj(a)(M(A)) ~ Af(sj o A). Thus we have 
Si(a)(L{\)) ~L( Si oA). ' □ 
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5. Proof of main theorem 



In this section we shall give a proof of Theorem 1.1. We shall use different 
arguments according to whether QA(A) 9 S or not. Assume A G C + U C - . 

Case 1. QA(A) 3 5. 

In this case the following argument is completely similar to Bernstein's proof 
of the corresponding result for finite-dimensional semisimple Lie algebras. 

Set 

(5.1) S1(A) = {/i G f)* ; (a v ,/i) = (a v ,A) for any a G A(A)}, 

(5.2) fi'(A) = {^ G S1(A) ; (a v ,^) £ Z for any a 6 A rc \ A(A)}. 
Then we have 

(5.3) W(fJ,) D W(A) and W (m) 3 Wo(A) for any n G S1(A), 

(5.4) = IF(A) and W (^i) = W Q (X) for any fi G Sl'(A), 

(5.5) w o fi — yofi = wo\ — y o X for any ^ € S1(A), w,y G M^(A), 

(5.6) = (<5, A) for any ^ G S7(A). 

For any [i G fi'(A) and w G M / (A)/M / o(A) we can write uniquely 

(5.7) ch(L(u> o /j,)) = a w . y (p) ch(Al(y o /i)) with a w ^ y (/j,) G Z 

wGW(A)/W (A) 



by Proposition |3.l| and (|5.4| ) . 

The proof of Proposition 5J below is similar to those for finite-dimensional 
semisimple Lie algebras given in Jantzen §, Theorem 4.9 and Corollar 4.11]. We 
reproduce it here for the sake of completeness. 

Proposition 5.1. For any w,y G W(\)/W (\) the function a WtV (p) defined 
in (5.7) is a constant function on Sl'(A). 

Proof. For fi G ST (A) and w G W(X)/W (X) we have 

ch(L{wo^)e- w °^ = J2 a w Mch(M(yon))e- wo » 

w£W(X)/W (X) 

E a^( M )e^-^ch(M(0)) 

wGW(X)/W (X) 

= ( Yl a w , y ([i)ey° x - woX )ch(M(0)). 

wGW(X)/W (X) 

Thus for w G W(X)/Wo(X) and /Lt,// G SI' (A) we have a w , y (fj.) = a Wiy (/j,') for any 
y G W(X)/W (X) if and only if ch(L{w o ^)) e -"' ^ = ch(L(wo / i'))e- m ' 1 '. The last 
condition is equivalent to dim L(w o ^i) wofl _^ = dim L(u> o /i') u , OAl < for any £ G Q + . 
Fix u; G W / (A)/W / o(A) and £ G Q + , and consider the function 

(5.8) F(fj,) = dim L(w o /x) WOAt -£ 

on S1(A). We have only to show that F is constant on SI' (A). 

By a consideration on the contravariant forms on Verma modules we see that 
F is a constructible function on S1(A). In particular, it is constant on a non-empty 
Zariski open subset U of S1(A). Let m be the value of F on U. We have to show 
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F(p) = to for any p 6 O'(A). Let p 6 Sl'(A). By Proposition a w-y is a constant 
function on 

Z = {p 1 € n'(X) ; p'-peP} 

for any y G W(A)/Wo(A). Thus we see by the above argument that F is constant 
on Z. Assume for the moment that 

(5.9) Z is a Zariski dense subset of 51(A). 

Since ZnU ^ 0, we have F(p') — to for some p 1 £ Z. Since F is a constant function 
on Z ', we have P(^) = to for any veZ. In particular, we obtain F{p) = to. 



It remains to show (5.9). Set 

V = {£ e f)*; (a v ,£) = for any a e A(A)}, 

= Dq n V, 
F z = P n V. 

We have 51(A) = p+V and Z = p+V%. By the definition of V the natural morphism 
C ®q Vq — > V is an isomorphism. Since Vq is a Q-subspace of = Q ®z P we 
have Vq ~ Q <g>z Vz- Hence V% is a Z-lattice of V. It follows that Z = p + V% is a 
Zariski dense subset of 51(A) = /i + V. □ 



Theorem 1.1 is already known to hold for A £ t)X such that Aq(A) = and {w 



o 



Thus the proof of Theorem 



Proposition 5.1 



1.1 



A = A} = {1} by Kashiwara-Tanisaki [14 , [15], and hence for any A £ rj p by 
Lemma 2J3 and Proposition 3.1C. On the other hand, f2'(A)nf}o ^ by Lemma p. 12 



is completed in the case QA(A) 3 S by virtue of 



Case 2. QA(A) ^ 5. 



By Lemma |2.3| A(A) is a finite set. Thus by Lemma 2.4 there exist x € W and 
a proper subset J of / such that a;A(A) C Aj. We may assume that its length 
£(x) is the smallest among the elements z € W satisfying zA(A) c Aj. Choose a 
reduced expression x = s ai ■ ■ ■ s air of x. Then we have 

(5.10) {a( , s a . ■ ■ ■ s ai o A + p) £ Z for any k = 1, . . . , r. 



Indeed, if (a^ k , s Qifc • • ■ s air o A + />) G Z, then we have /3 = s air ■ ■ ■ s Qifc i ai k <E 
A (A), and hence 

xA(A) = xspA(X) = s aii ■ ■ ■ s aik i s aik+i ■ ■ -s air A(A). 

This contradicts the minimality of £{x). 

Set A' = x o A. Then we have xA(A) = A(A'), a;A (A) = A (A') by the defini- 
tion, and xn(A) = II(A') by Gq, Lemma 2.2.2]. In particular, w i— > lira" 1 induces 



an isomorphism W(A) — * W(A') of Coxeter groups. Moreover, by Proposition 1.3 
the functor S — (cti) o ■ • • o Si r (a r ) with = (/ij fc , Si k+1 ■ • • Sj r o A) induces a 
category equivalence Mj(g, (/ij,A)) — > Mj(g, (h i7 \')) and we have S(M(w o A)) 



M(xwx 1 o A'), S(L(w o A)) = L(xwx 1 o A'). Thus the proof of Theorem LI in 
the case QA(A) ^ <5 is reduced to the case where A(A) C Aj for a proper subset J 
of I. 
Set 

[j = f) © ( fla), n+= 0Q , n 7 = g_ Q , pj = l, 7 ©n+. 

a£Aj aEA+\Aj a£A+\Aj 
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Note that we have dim lj < oo since J is a proper subset of /. For fi G f)* let Mj(/i) 
be the Verma module for lj with highest weight [i and let Lj(n) be its irreducible 
quotient. We can regard them as pj-modules with trivial actions of rij. By the 
definition we have U(g) ®u(pj) Mj(jjl) ~ M(/i) for any // G f)*. Hence Theorem [O] 
in the case QA(A) ^ S follows from the character formula for the irreducible highest 
weight modules over finite-dimensional semisimple Lie algebras, which is already 
known (see the comments at the end), and the following result. 

Lemma 5.2. For any A G C satisfying A(A) C A/ we have U(q)®u(p ,)L — 
L(A). 



Proof. Set M — U(g)<E>u(p,)L.j(\). It is a highest weight module with highest 
weight A. Set M n+ = {to G M ; n+m = 0}. It is sufficient to show M n+ nM^ = 
for any £ G Q+ \ {0}. Assume that M n+ n M A _ 4 ^ {0} for some £ G Q+ \ {0}. 
By A(A) C A j and Proposition [O] we have £ G EaeA ; ^ Q - Hence under the 
isomorphism M ~ C^(nT) ®c Lj(X) we have M\-^ = \ ® Lj(\)\_£. It follows that 
■MA)a-? n J L. / (A) n+nIj 7^ {0}. This contradicts the irreducibility of Lj(A). □ 

The proof of Theorem [O] is complete in the case QA(A) ^ S. 

We finally give comments on the proof of the character formula for the ir- 
reducible highest weight modules over finite-dimensional semisimple Lie algebras 
which we have used in our proof in Case 2. The unpublished result in the rational 
highest weight case due to Beilinson-Bernstein (in particular, the part relating some 
twisted D-modules with the twisted intersection cohomology groups of the Schu- 
bert varieties) is recovered as a special case of the result in Kashiwara-Tanisaki ]14| 



(and also of the result in Kashiwara-Tanisaki [15]) 
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